L Kuot ﬂéa/}/
A. Knots and Links

Recall o M s the Mcz/a of an emééa(oll'il]
Fis'es g’
(for now £ a smooth emés/a/rh7>
so K=w () a huaot
we say Z Anots K, avd K, are [sofopi if the e 15 a smooth map
H: S'x [o,]] —> ﬂ?s
such ‘/’ﬂla‘f'l) . (H/SIX{U) = kz 1= O
2) H/;'xm S R is an embedidig V¢ € (o]
e dlea is that you Can .rmao'f/l/t/ Aetorm K, iato K _
(7e. /1[ K, 15 made out of strumg , you con move tf

a/‘aul/l/ 1o j@f /ez)
when we 54)/ 2 knots are “ﬂte 5amg" we mean e y o€ z.}ofo/atc

kuots are ffef(/em"/y studied wa thewr O/I&Zfams
let p- R =R (xy8) = (ayv)  be projection
qwen a koot K one cant show 1t can be i5 0 fopedl
(by a very small amount) Svck ot
1) P//( 15 an wimersion (thet s ey icahve vou 7 0)
0 you c_g_é__{_‘ see  /— {
2) P//( has no n-tuple points for Nz 3

dont e A or K.

2) af each dou/o/e po{/t'f' the fio arcs of K

w fersect densve/‘fe/g — (fwyenf vectors of a.;cs
a dovble powmt 3027 R")



a a((ag/awr DK of K 1s
1) P(K) Cﬁz andd

2) at eacl. afoub/e ,ao/in" /aé/e o/bl'&[n 57‘>"ana/ go&s

oven the other one
(1e. whech has e greater 2— coordmate)

Qxzrp fes: K OO dek)
y

~

2) e t‘YE)%I/

&D

exescse: 5/10u a /Xwof oﬁcyram D a/et‘efmmt‘f; a wu7ue
k not 1 ﬂ3 olafo f;ohvloy

we. have an amaz g Hheorew

Redemeisters Th™:

let K, and K  be hknots with o/zay/am.s D, and D,
Then K, is isofope to K, € D, s releted + D,
by a segueace of

0) 0(87(0/' ma oS where C"OSSIV?]S Aon't oham/yg
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(an/ re;pC/ecﬁans of {’ttesc—: about coodiiate
P{amf’;)

)

note that () should be clear
) takes sgme work

exawpf le:

@ and @ are ijo]‘qotﬁ
v S6C s note
'Fmo( *he C)
Redemeicter

moves .
om] fﬁlg !

@/ G-@

Jusf‘ fusla arcs around
not c(aal/\fl;lj cross I’iﬁﬁ

A M 13 Ju}fa a(('g/'oi/)f vncon of Aot



[5. Knot co/O/u/ij;
So bhow Can you e /I (7[' vo AMO?‘S are 0/1:19[6/‘@/1'?7
here « a ey _c/},y/e, way
We. say a hnot= ﬂ{(dj/am D S'Co/omé/e F you Caa color
the stands of D with 3 tolors so that

@ at eacl c/DSS/I;y eitter all 3 colors
are vsed or only L+ & vsed

® ot kast- 2 colors are vsed

X aw;p/ es:

') v w Anof U/
D s not 3-tolorable
z) T he 1")’87%(/ T /'J'
@) Z—Co/oraéfe
. F of
gAGTEE: @ 5&0{«/ e ”ﬁaafe ¥ kot £
\) «« not “3-colorable

Th=1:

1+ one o/(ajfavm for a hnot 1 3- tolorable
then all aftdyrams are

(s0 ée:;n/o 3-tolorable 5 @ ,9/0/&7&/ of the
Rnot, not ,ust the a((a/a/am)

/?Qma//z= 50 ﬁfom abovre we see the 7‘>’€7§1‘/ T/S
olrﬁ[t’/e,/;f from The witivot- U/ and ﬁ]tm? 5 F

Proof
- we_ )&51‘ need to check 3-ca[of'aéi/n'y /5 wrchaznjec/

wder Reideneict, moyes



I — & _2 0 @ pve and ® tue for

one most- oﬂ/y be =
one B tve tor the ottre,
50/0/‘ ove- 60[0/ ﬁe/e °

lL) 6(%9/‘ . ("‘9 b/\ S'C)@m ama/@ﬁ’t/f
/

z for one & Cue for othe
one color one color
or ,
—
mor € than mMeore hau
one co(o/ oné co/of
) lots of cagps

here (s one //Y/\ 4__.9 _\/Xé

exescuse: chech all othe, cases Y 4

more 7@/1@0//)/ we€ sa/ a o/tc‘ij/‘am [anc/ kum") 5 'p-/aée /aé/e
'ﬁW‘p a prime, F we con label the staude wiih
numbers ol .., p-t s0 fhat

@ ot each crossing, the overcrossiig < /Z
label is the Mod,o average of /
the label; o the undescrosstigs Yy
= Z2 M05/
® ot last 2 labels are vsed PREYTE P

exercise:  Prove the ama@; of Th21 fr p-/aée/(\ﬂo



Mamp/es
1) a Z'co/onry 5 a 3 /aéC/IVlj
let red=0 bloe=1 green=2

XX

2=9
=0+l mod 3 = z+0mod3 =z (O-l-Z mod 3

3@0 5 a §~/aée/hj of F
\) s0 F is not Z;ofopzé o U

¥

leter 17 the course we vill see how CO/orm] //ﬂée/uy 4
related o /*eolly cool fopo/cyy‘/

C. Alexvader pO/'yﬂorM/'a [

/az‘z:’/‘ we w/// prove tha t 10 any //i\/? K we can associate e
(Lavrent) po/ynomm'/ wi the variable f”L/ AK/é) with wvitger
coetfec ents

(vhen K a kno?‘, A/\, (t) on/t/ has w‘rl-ger pocrs of {‘)
svch thet  4) K wofopic to K')thea D (£ =5,.0¢)
B) + Ko, K_, avd K, have ﬁ’layrams yelatet é)r
""y“‘ ,\/ l’v} .(L‘
Il \'\,‘ \\ D I( L ,‘
Dlk,) D) D)
fﬂpem Ak-«-— Ak—+[-é.‘/‘—f (/")AK":O
c) A

W'knaf



A ) is called the ( Loray normal1red ) Alexande 'po/'ynomm'/ of K

/emma L

¥ K hag a a/mymm DIK) with 2 components that
are seporated by a e tea Ly =0

Rewmark: This say s AK can detect Son«reﬂm;!/o M‘)@/@?@b
about liiks

avmple: Lompute By for H= @2

@ &F &
{

vnhwot”
O

OO,
Ay =0 97 lewma AK°=1 by ¢)

B) e
50 by Dy, —By + (£t “~)a, =0
+ -

o

A, -0 +F"-t )L =0

H
¢/, ~/,
50 AHfﬁ-"f t-t "

Kema/A: So w€ see ér the /emmq %a-( the 2 60«4/0»10”;3

)

oA H ot be polled q//a/z’ 1

P/oof 07(2 IEMMQ'- / e’ £ ¢o ’3

_ oren “PoNCet
we have K = @ CE $0 you iee /o!c'.’(‘ufé
let D(K) = DIK,)

50 D(K,) = and D(K) =




s N DIK

4o LY B) n 0{67[”;15(70“
Qke” 2T (Ft%ay =0

"
o

s0 Ay = AK0=O &

oxample: compute Dy where T = @

6{ \\ijx Oxoe call k*
O

so |Ap1 «(F-+") 5,70

U"k not

e

I
abou(’ we saw b}(,: + -t

fo ALz [+ (€N ) (¢ -t™)
sfee- oot b 2 ey

erercises:
) lompute Ap = st where F2 @

) lompute D=t~ el t+tT e
2,5

B {"- |+ t wtle/e

3) lompute  D,r)
Atr)s (D)

i{;@



i 76/16/‘0// 7w€h a haot K and a d(c?/om DUK) of F we defrie the

Mir70, O‘IL K, 0/&40?‘66/ Wl[k), 7o be '/’he /t/lof- I«/t/:if
dtdj/am obtawmieA é/ Svn‘c&m}a a// C/'o(Sl;ryS of D[K}

%) ln jene/u/ F K is a hnk with k Components show
Am(k) -(,)k‘ /(

Hut: vse shewi relatoon and wmdaction ou nombe-
of CrS5 wigs

5) SLIW M(F) s I:(O‘f‘D/ﬂ’(: o F/ UL\Q/E’, F;s f/lfe 7[’7M/‘8 1
Rnot
Remarks )

) the above shows U, 7;F; Kz,; ace all ditct- hnots
but e 0{01?' huow tf T and wa (T) are distuct -I
(we il see f[:ey are)
) Ay disfzrl/oucshés, up fo mirorig, all (prwre) hnots with =8

cro{ﬂéﬁ; [m ad@ram) anﬂl mo;f vﬂ‘é ? CfoSS/ﬂf_{
3) there are oy kuots with AK=I

(s0 cant be A c';fu/]/aange/ Frov (M/twof')

=
&

4) [t t¢ not bod to shou (yaa sould -nzyl) that 4)8) <)
Um7u&(y ;ﬂemﬁ/ Au F Dy (s M—Mwe/
Note: we bage nof SZ‘OL/ Ay {f well- /eAMeo/ ﬂ[j
(an be done Ustn/ Redemeiste moves, bet 1T s Mucé

Caster ond wore ew{/éfmm fo /O/Dve s wn% w/c@;
o(evelop late, w1 the cousse.



AK can also be vseA o yaderstand 7‘21&75 about a ARnot !

For mm/o/e
) We will see thaf for every fnot K there s a surfee 2
m R with éourw/af)/ K

€g. Tl X 7D K

/\/ /\/
Z 7 /T
//;////// ) L

) -/’ I’
this grfuce bas more
later we will make “holes " tham

lo/eaée the deq that
T has ZLIO/e; and T’ has ¢ boles

e\

IWporfant and bord question: What is #he smallest pomber
of holes in a surface with éoam/a/y K7

we will see
# holes = éreaot/% Dy

b@esf o@]/ce m Dy~ swallest ﬂ/qvee

Wﬂm@: 7[;’vM qévue any surtace 2

with bovtdory Ky s most @

have at least ¢ holes |

- 2
A,z ¢ —tel-¢t+t
Kes

2) Giren o hnot KER' <S° tthere s a surfuce T <8 with
bawlo/a/;/ K (we will ™y fo visialize Hhese /m‘C/)

Very hard questton : What G the wmimal nomber of
holes For such a syrtface 7 (ot 1t be a 0/,0,/( 7

&xamg/e-' Shos K /\. p/oes not éounﬂl a a{ué
ped wi I (¢bat i K i nor
fﬁe u/l/(ttof) .éu'f K ”&’es

.éo(//lo( Q o'{l}/k lv; 8 ?




[ater we mj/q' see

F K bounds a duk 1a BY (many K ) theu
Me/e ZS a po/)rnamé/ 7[‘ u/rf% l/ifé’je/ ;ag#,[:jé nts
svch that AWLE £e¢) Fle )

Mamg/er ‘B’OM aém/f. @ ond (89 Ao not
bounal 0{!}/&5 1 B",

3) Is there a function F:(5°-k) —S" such thet- df ¥o0 !
Sych a kot is called fibered and 1F i very /zeénﬁ(/ fo

Ruow l7£ a knot 1'5 ﬁéé’/‘e&(

later we Mt/'pkf see
£ K is hbered, then the coetfizient of
the Ayhésf orde, ferm i AK 1< £

Mﬂ/@ you can check A_(:,-’-' 26 -3+2¢

where lw = @)@

s0 Tv is nof hbeed
D Joves Po/}/ﬂOM/b/

later we WI// prove tha t 10 ary link K [L/lfﬁaﬁ{(@cﬁon on @ach
wm,oamenf> we can assocate e (Laurent) po/ynomlir/,

wi the variable ¢ "’; \/k/é) with (i fegCr~ coetfec ents
(L/hem K a knof/ Ak/f) on/t/ has Ih'l'?e/' poers of '{')
soch thet  4) K Wolopii to K', thea Vi (t] =V, .(€)

5) /7[’ K,., K avnd K, have ?{léyrams yela tet b)f

-1

<o oy YT bk



then 6.'\/k - f’\(e_“[{-‘/‘—x‘-,/‘)vkazf)

c) VW'kmrf' 1

CXam €s5:
1) e+ Ozz O O 2 com/onenf UﬂAé/«

- U Uy -
by -tV - (€Y, = 0

17
ad/ \/01 i :—"’irf-;‘/z, = -fllz ’Z“Vb I‘ ﬁ,;g
W
exercse: lef Q 0, be the k-compyoren - bk OO --- O
- k-1
then stzow \/0 - (‘f”"—{— '/L)
3

Bwt: 1nduction
2) /e{’ T= (C_\; éom/yufe VT

K, —call k'

(4] ‘(Aof
5otV -t v, - (¢ ¢%) V.,

¥ @

k’=k+ - Ho
$

unhknot

Ce&e& X
tl



50 f-IVK' _ f_ ‘/oz__ ('fdz"fdh’) VU :O

ana( fflv, = zL( _l_'/z _F"/z) ¥ (14‘/& f"'/;)

5
50 = ‘ /‘)/ 1)/{ ¢
= - (';/Z t e
now for Vr: t7V, - (’VU - (¢%¢7) V., =0

50 VT:' -{—(f + (f‘/.: f'(’z)('fj/z-—fl/"))
s p(F-t2 ¢ £ +1)
\[r z --(-"-rf3+f'

oxercse:
1) recall the mwvor m(7) of T s (9/\_)

Lonym‘e \{"(T) t et 5—1.‘

so m (T) and T are nof Fotopic [

( the A/F/xm/w’e/ /0/ nomca/ anc’ CO/O/‘l-y
Can‘f see '{’ﬁg I)

2) M"/efnexmlly show/ Vm(lz)/{_):\{( (+7™) fo-~

any kot

wmt: mavbke wart '(7// we bhave anothe,
ﬁlt 7 deﬁm‘ﬁOn of V

3) 'FO/ = p &owzlpu te

= ¢ -+ fl—"-t’*'f
note ({' ) V (¢€) wheeh s jaoalsmce M[F)

isofopic to F
Much studied vasolved problen:
Is there a nontriviel knot K svch that Vy=1




Uﬂ /i}(e the Alexundles ﬂol}/AOMId/, the Jones po[ynowu&f) does not
seem tp “see” 1atesestiig ‘f‘O)JoIOyrE,a/ Haings, but 1t can st7l/
tell vs viteresting thuigs —

Before we get To that, lets pwe avothe Aebiczon of V. from wheeh

we can see tat it is well defvied.

51.1/-271 Q o[(cfj;/am D 7%/‘ (7 /lv';/( arw( G c/osgr;ﬁ C (AQa .D-fée/zg
are Z natun| other diagrams you can oustract

\ pesmedttS_ ) (
K —

5-5,"00%,;'/7 Pt
Aenote by D] the nomber of Com/oﬂeyz/z of the |k
associited o D

a state S of a d(aﬁ/‘am (5 o célo/c‘e o’l[' A or B SMOo-t%:}z}
at each Cfassl;y

MB@A)D/?@

A state 5

for o state s of D Jet
x(5) = number of A—smoof'fuh/f: of s

ﬁ[57= number of 5-5;44001‘/”9’5 of S
ls/ = Vlumée/ 075 Com/one,ffg 075 S

define the bracket of D éy
(09 5 AsH04""

all stafes
5of D

where A, B, and A are formal vordble



50 ()¢ {luk dagroms§ — #[A,8,d]
is a well-defined function

Wamg/e:

so
<((/%) N = Ad 4 (3478 + B)d +348

note: { ) satishes
') <0h> - dk-l

2 (D = A + B

exercse: 1) F +hg i not clear to you thea prove o |
(magbe look back at last %am/ole)

2) alto show <DJ.LO> :0{<D>



/emma 3:
f we set B=A" and d= ~(A=+A?) thea {-) 15
varant vnder Redemeister moves IL aqd 11

Droof:
L Yy =a(i)e{L)
- AGALY ) +8(E0)+ 8(ACE Yo 8(Y )
= ABC)( )+ (A*+B '+ ABAI{ )
so for () ) 1o epual {)(>
we need Ab=1 so 8=A"'
ond  AHEtABA=0 50 d=-%A")

ke =a \> A=Y,

il by fyoe IL) ivoriance

) e (52
N

With B=A" audd A=-(A7%47) we ot {K) a polyrlom'a/
m he varable A, Thic & called the Kaytfwman
bracket of K

graniple: { O N = AT+ (3478 +B)d +348°

= LA + (3447 A”)/A ¢A) 3447°
-A(A hi+At) BATIA A A 34T

= A'-A%-A"7




What about Reideme st y/e L) move 7

\
) — ﬁ anol ) o /\9
1) =a{)op+8(p) )y =A{r> r807
= (Ad+B) <)) =(A+8d){) >
(Al A)e ) ) ) (A4 A7 AA))C)

- 'A3<)> = 6A’3)<)>
fo 7€X ‘fftts we 0’874&3 the wirithe of D as Allows:
747/‘ an ortented ”/‘i&/ﬁm D set

e(X) =1 and €(N)=-

the writhe of D is w(D)- I~ )

C/DSSI;y{

note.: i) U( \*(() :u()() ;;Q
9 o (57 ()
3) w((l) :w ))'l

w()5)zo(d)]
So ¥ we set /’; [4):('A)—3Q{D>< D) for an orieu ted ﬂ{w'}/o/am L
then  Fy(A) is wivasant onder all Redemedls £ weoves |

50 I’;(A) is @ ayarget of the lmk acsocated to D
{ orzenk’d} — Z[A]

lrks



t%’amg/@
bor AT @ ve have o lmiT)) = -3

(4)= -A <-r>-~A "(AT-a3-47)

Mm
:—A +A -('Aq
exercse:
) F T= @ ,Y’ttem show FT_[A): ,A-16+A~lz
2) Show  F,, 0y (A= £, (#7)

3) 14' /( 15 /'( q,n‘:ﬂ 'f‘ﬁe 0/0/005(-(‘6 o//‘eﬂﬁﬁéﬂ
then F (A) = [4)

M O ic the k wk}ﬂanem‘— onlink Haen
(’A 4 ?_)/t |

e
"75 X+, K_ , avd K, lmve ﬁ{layrams relatet é)r

7 DIk, “'D(/() " D)

then ¢ g L,
A}';/'*’A k_+[A—A)Fk°=D

F/‘oo-ﬁ‘- :
KA A0 HASR)

(X H=A(2) A
COAKKY ARy =@ AR
w (Ky) = co(Ko)i’



SCA)TTCK) P A )Ty < EAYE,

7
Fo= AR 2 CAY (K= €A)
P, = EAT KD

ond we haye
A*"}f—A“‘F_— (AT-A%)F, = °
note: if we set \/Klf)zlf(f'”") then we see Vi satiches
M) V) an varwint of isofopy class of K
gy £ -tV - (¢"-¢ %) l/,(o= 0
) Voot =%
e, Vs the Joes /o/)momm?/ /
and vow we hnow i+ (s well-defried !
E. A/fe/nafmj [ ks
a kot diagram D 5 called a/fvnaﬁh/q F over and vadey
c/osszirjs alternate as you Trayese the kot

@)alﬂ’/naﬁw;j @ not a/ﬁ/ﬂaﬁ)}c
G

@ =

a lvik s a/w‘c/na ﬁyijq F 1t bas an alterna ﬁrij a(za'f/am

an a/fc/naﬁm'/ o/m/'amm s called reduced - there i
no embedded circle R* /m‘e/gecz‘w}/ the d(d?/am@

‘hfansvmse/y one twre at a crossing

Sl
ot ot oo



